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The main science driver for the coming generation of cosmological surveys is understanding dark
energy which relies on testing General Relativity on the largest scales. Once we move beyond
the simplest explanation for dark energy of a cosmological constant, the space of possible theories
becomes both vast and extremely hard to compute realistic observables. A key discriminator of a
cosmological constant, however, is that the growth of structure is scale-invariant on large scales. By
carefully weighting observables derived from distributions of numbers of galaxies and a dipole pattern
in their apparent sizes, we construct a null test which vanishes for any model of gravity or dark
energy where the growth of structure is scale-independent. It relies only on very few assumptions
about cosmology, and does not require any modelling of the growth of structure at late times. We
show that with a survey like the Dark Energy Spectroscopic Instrument a scale-dependence of the
order of 10-20 percent can be detected with 3 standard deviations with the null test, which will drop
by a factor of 2 for a survey with a larger number of galaxies and volume, like the Square Kilometre
Array will be capable of. We also show that the null test is very insensitive to typical uncertainties
in other cosmological parameters including massive neutrinos and scale-dependent bias, making this
a key null test for the cosmological constant.
Introduction. The large-scale structure (LSS) of the
Universe is highly sensitive to the theory of gravity and
provides therefore a powerful way of testing for devia-
tions from General Relativity (GR). The standard way
to test for modifications of gravity is to measure LSS ob-
servables, and confront these measurements with a theo-
retical modelling which accounts for deviations from GR.
This can be done in two complementary ways: the first
one consists in calculating observables in a specific model
of modified gravity or dark energy, which usually depends
on some free parameters, and use observations to place
constraints on these parameters. This approach can be
used to test specific models, like for example f(R) grav-
ity [1, 2]. The second approach consists in parameterizing
deviations from GR directly at the level of the observ-
ables. One well-known example is the γ parameteriza-
tion of the growth rate [3, 4]: f(z) = Ωm(z)
γ , where γ is
a free parameter which takes the value γ ' 0.55 in GR
and can be directly constrained with LSS observables.
In the last decade, various frameworks have been devel-
oped, like the Effective Theory of Dark Energy [5] and
the Parameterized Post-Friedmann approach [6], to com-
bine these two approaches. The goal of these frameworks
is to propose parameterizations of deviations from GR
that can describe large classes of theories, and whose pa-
rameters directly affect LSS observables. These param-
eterizations provide therefore a consistent way of test-
ing deviations from GR. They suffer however from two
limitations. First, to be as general as possible, these
parameterizations contain various free functions of time,
that cannot all be constrained by observations, and that
can therefore not be reconstructed without additional as-
sumptions. Second, even if these parameterizations are
very general, they do not account for all possible devia-
tions from ΛCDM. Hence, by using them, we automati-
cally restrict ourselves to some specific classes of theories.
In this context, it is interesting to take a complemen-
tary approach, by constructing tests that do not rely
on any modelling of the theory of gravity, but that can
be used to test one specific property, like e.g. the Eg
statistics [7, 8]. In this letter, we propose a null test
to probe the scale-independence of the growth of struc-
ture in the linear regime. In ΛCDM, matter density
perturbations grow at the same rate inside the horizon.
As a consequence, perturbations at different redshifts
are related by a scale-independent function: δ(z,k) =
D1(z)/D1(z
′)δ(z′,k), with D1 the linear growth [9]. The
continuity equation implies then that the peculiar veloc-
ity is related to the density by the growth rate f(z) =
d lnD1/d ln a. The aim of this letter is to combine LSS
observables to construct a null test, Nf , which exactly
vanishes if and only if D1 and f are scale-independent.
We will see that this null test does not require any mod-
elling of deviations from scale-independence. As such it
allows us to probe in a model-independent way if struc-
tures grow at the same rate at all scales, or if some scales
are enhanced or suppressed. Modified theories of gravity
do generically produce a growth rate which depends on
scale [10]. However, this scale-dependence does not af-
fect modes that are well inside the sound horizon of dark
energy, in the regime where the extreme quasi-static ap-
proximation is valid [11, 12]. A detection of Nf 6= 0
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2would therefore rule out not only ΛCDM but also all
dark energy and modified gravity theories with a growth
that differs from ΛCDM but is scale-independent. In-
versely a vanishing Nf would put stringent constraints
on scale-dependent theories.
In practice, to construct our null test, we use LSS ob-
servables that are sensitive to the growth rate f , and
we combine them in such a way that the result vanishes
if f is scale-independent. As seen above, f is related
to the galaxy peculiar velocities, which are traditionally
measured from redshift-space distortions (RSD) [13, 14],
namely from the monopole, quadrupole and hexade-
capole of galaxy clustering. Since among these quanti-
ties the monopole is the only one which is sensitive to
density-density correlations, we cannot construct a null
test by using these three multipoles only. However, an
alternative way to measure peculiar velocities has been
proposed recently, by looking at their impact on the size
of galaxies, i.e. by measuring the cosmic convergence [15–
17]. In particular, it has been shown that peculiar ve-
locities generate a dipolar modulation in the number
counts-convergence correlation [18]. This effect, called
Doppler magnification, has not been measured yet, but
its signal-to-noise with a survey like DESI [19] is expected
to reach 37 [18]. Since this effect is sensitive to both
the density-velocity correlations and the velocity-velocity
correlations, we can combine it with the quadrupole and
hexadecapole of RSD to construct our null test.
Methodology. Redshift surveys map the distribution
of galaxies in redshift-space, providing a measurement of
the overdensity of galaxies ∆(z,n) at redshift z and in
direction n. The two main contributions to ∆ are given
by the matter density fluctuations and RSD. We neglect
here the relativistic effects and magnification bias, which
also contribute to ∆ [20–23] but are subdominant in the
regime we are interested in. In addition, lensing surveys
measure the size and luminosity of galaxies, from which
one can construct an estimator for the convergence [24,
25]. The two main contributions are given by [15]
κ(z,n) =
∫ r
0
dr′
r − r′
2rr′
∆Ω(Φ + Ψ) +
(
1
rH − 1
)
V · n ,
(1)
where Φ and Ψ are the metric potentials, r is the radial
conformal distance, H is the Hubble parameter in con-
formal time and ∆Ω is the angular Laplacian. The first
term is the standard gravitational lensing, whereas the
second term is the so-called Doppler magnification. This
contribution is due to the fact that a galaxy with a pe-
culiar velocity directed e.g. towards the observer, will be
further away in real space than a galaxy with no peculiar
velocity observed at the same redshift. As a consequence,
the first galaxy will appear demagnified with respect to
the second one, simply due to its larger distance. Note
that the convergence also contains additional relativistic
effects [15], that are subdominant for the null test.
To construct the null test, we combine three differ-
ent observables: the quadrupole of 〈∆∆〉 denoted by
ξˆ∆2 (d, z), the hexadecapole of 〈∆∆〉 denoted by ξˆ∆4 (d, z),
and the dipole of 〈∆κ〉 denoted by ξˆκ1 (d, z). Here d
is the separation between galaxies, and z is the mean
redshift of the bin in which the multipoles are mea-
sured. As has been shown in [18], the lensing con-
tribution in κ is negligible in the dipole for z ≤ 0.5.
The quadrupole, hexadecapole and dipole are therefore
all given by combinations of density-velocity correlations
and velocity-velocity correlations. In all generality, the
evolution of density perturbations can be encoded in
a scale-dependent growth function D1(z, k) such that
δ(z,k) = D1(z, k)/D1(z
′, k)δ(z′,k) . Due to statistical
isotropy, D1 cannot depend on the direction of k. Using
the continuity equation, which is valid in any theory of
gravity as long as there is no flow of energy from matter to
another component, we obtain for the velocity potential
at sub-horizon scale V (z,k) = −H(z)f(z, k)δ(z,k)/k ,
where the growth rate f is defined as
f(z, k) =
d lnD1(z, k)
d ln a
. (2)
In the flat-sky approximation, the mean of the
quadrupole, hexadecapole and dipole can be written as
ξ∆2 (d, z) =−
1
2pi2
∫
dkk2
(
4
3
b(z)f(z, k) +
4
7
f2(z, k)
)
× P (k, z)j2(kd) ,
ξ∆4 (d, z) =
1
2pi2
∫
dkk2
8
35
f2(z, k)P (k, z)j4(kd) ,
ξκ1 (d, z) =g(z)
1
2pi2
∫
dkkH0
(
b(z)f(z, k) +
3
5
f2(z, k)
)
× P (k, z)j1(kd) , (3)
with j` the spherical Bessel functions, b(z) the bias,
P (k, z) the matter power spectrum, and
g(z) =
H(z)
H0
(
1− 1
r(z)H(z)
)
. (4)
We construct then our null test as
Nˆf (d, z) ≡ ξˆ
∆
2 (d, z)
µ¯2(d, z)
− ξˆ
∆
4 (d, z)
µ¯4(d, z)
+
4
3g¯(z)
ξˆκ1 (d, z)
ν¯1(d, z)
, (5)
where the functions µ` and ν1 are given by
µ`(d, z) =
1
2pi2
∫
dkk2P (k, z)j`(kd) , (6)
ν1(d, z) =
1
2pi2
∫
dkkH0P (k, z)j1(kd) , (7)
and we denote by a bar all quantities calculated in
ΛCDM. Our null test, Nˆf , is therefore a combination
of observables ξˆ∆2 , ξˆ
∆
4 and ξˆ
κ
1 that are directly measured
from the data, weighted by appropriate coefficients cal-
culated in a ΛCDM model. Note that to construct Nˆf
we do not need any modelling of the growth of structure
D1 and f .
3Let us now explore under which conditions the mean
of Nˆf vanishes. If the growth rate is scale-independent,
then the function f(z) in Eq. (3) can be taken out of the
integrals. Furthermore, in this case the power spectrum
can be related to the one in ΛCDM by
P (k, z) =
(
D1(z)
D¯1(z)
)2
P¯ (k, z) , (8)
provided that the ΛCDM model has the same cosmolog-
ical parameters as the actual Universe: Ωb, Ωm, ns and
h. The mean of Nˆf can then be written as
Nf (d, z) = 〈Nˆf (d, z)〉 (9)
= 4f(z)
(
D1(z)
D¯1(z)
)2(
b(z)
3
+
f(z)
5
)(
g(z)
g¯(z)
− 1
)
.
We see that when f is scale-independent, there are two
additional conditions for Nf to vanish. First g(z) must
be the same as the one calculated in ΛCDM: g¯(z). From
Eq. (4), we see that g(z) depends only on the evolution
of the background, which is currently constrained to fol-
low ΛCDM up to a very good precision. In the following
we will show that varying g(z) within the 2σ region al-
lowed by Planck [26] generates a Nf which is negligible
compared to the one from a scale-dependent growth rate
(corresponding to a 3σ detection). For all concrete pur-
poses, this means that g(z) = g¯(z).
The second condition for Nf to vanish is that Eq. (8)
holds, i.e. that the cosmological parameters used to calcu-
late P¯ (k, z), namely Ωb, Ωm, ns and h [27], are the correct
ones. In the following, we will show that varying these
parameters by 2σ around the fiducial Planck cosmology
generates a Nf which is negligible compared to the one
from a scale-dependent growth rate. To summarise, the
null test vanishes whenever the following hold:
1. The growth rate of structure f is scale-independent.
2. The background evolution is close to ΛCDM at red-
shift z (within Planck constraints).
3. The cosmological parameters Ωb, Ωm, ns and h are
consistent with Planck constraints.
From Eq. (9), we see that under these conditions Nf ef-
fectively vanishes, for any form of the functions D1 and
f . For example, all Horndeski theories that are consis-
tent with Planck constraints (i.e. that have a ΛCDM-like
background) and for which the quasi-static approxima-
tion is valid [11] have Nf = 0, even if the growth of
structure in these theories differs from ΛCDM. The fact
that in these theories D1 differs from D¯1 (used to calcu-
late the weights in Eqs. (6) and (7)) does not invalidate
the null test since it is factorized out in Eq. (9).
Note that instead of calculating the weights µ2, µ4 and
ν1 with a ΛCDM power spectrum, we could measure the
monopole of the power spectrum P0(k, z) and calculate
the weights with it. We have however tested that the
uncertainty in the measurement of P0(k, z) degrades the
precision of the null test and that it is therefore more
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FIG. 1. Variance for a survey like DESI, plotted as a function
of separation at z = 0.15. We show the contributions from
the: quadrupole (blue dotted), hexadecapole (yellow solid),
dipole (red dot-dashed), dipole-quadrupole (green short-
dashed), quadrupole-hexadecapole (purple middle-dashed)
and dipole-hexadecapole (black long-dashed).
efficient to use P¯ (k, z). Let us emphasize that using a
ΛCDM model to calculate the weights is in no sense a re-
strictive assumption. It is just a convenient choice, which
leads to a vanishing Nf whenever relation (8) holds, i.e.
whenever the growth of structure is scale-independent.
Results. The sensitivity of the null test to the scale-
dependence of f is determined by its covariance. Since
Nˆf is a sum of multipoles, its covariance is due to the
variance of each multipole, plus the covariance between
them. We follow the method developed in [28, 29] to cal-
culate each of these terms. We have contributions from
the cosmic variance of ∆, of κ and the covariance be-
tween them. In addition, we have a contribution from
shot noise, which affects ∆; and a contribution from the
error in the determination of κ (which is measured from
the size and luminosity of galaxies), for which we choose
σκ = 0.3 (see [18, 30] for a discussion). In Fig. 1 we show
the different contributions to the variance. We see that
at small separations, the dominant contribution is due
to the dipole, more particularly to the error in the mea-
surement of the convergence σκ. At large separations on
the other hand, the dominant contribution is due to the
cosmic variance of the quadrupole.
As seen above, to apply the null test on data, we do
not need any modelling of the growth of structure. How-
ever, at the level of the forecasts, in order to assess the
sensitivity of the null test to the scale-dependence of f ,
we need a parameterization. We choose the following
generic expression for the linear growth D1
D1(z, k) = D¯1(z)
[
1 + (z)γ(k)
]
, with (10)
γ(k) = c1
1 + c2(k/k∗)m
1 + (k/k∗)m
. (11)
The coefficients c1 and c2 govern the amplitude of γ for
large and small scales, k∗ determines the scale of the
transition from one regime to the other, and m its slope.
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FIG. 2. Top panel : Nf plotted as a function of separation
at z = 0.15, for four different models with 0 = 0.5, c1 = 1,
c2 = 0, and with: k∗ = 0.01h/Mpc, m = −1 (blue solid),
k∗ = 0.01h/Mpc, m = −4 (green dotted), k∗ = 0.1h/Mpc,
m = −1 (black dashed) and k∗ = 0.1h/Mpc, m = −4 (red
solid). Bottom panel : Nf for the last model, plotted with its
variance for a survey with DESI specifications.
Note that we choose c1 and c2 such that 0 ≤ γ(k) ≤ 1.
The amplitude of the deviations is then encoded in (z).
We assume that its evolution follows that of dark energy,
so that it becomes negligible in the past
(z) = 0
ΩΛ(z)
ΩΛ0
, (12)
where ΩΛ(z) is the density parameter of the cosmological
constant, and 0 is a free parameter. In Fig. 2, we plot
Nf for four different models. We see that when k∗ =
0.1h/Mpc, the deviations are more important at small
separations, whereas for k∗ = 0.01h/Mpc they increase
at large separations. The slope m also has a significant
impact on the form of Nf .
To assess the sensitivity of the null test to scale-
dependence, we forecast the constraints that can be ob-
tained on 0 for some fixed choices of the parameters
c1, c2,m and k∗. We do not marginalize over these pa-
rameters, because our aim is not to fit a certain model.
We rather want to determine how sensitive the null test
is to a generic scale-dependence. Since the answer to that
question depends on the parameters c1, c2,m and k∗, we
explore some representative choices. Note for comparison
that the f(R) model explored in [31] has k∗ ∼ 0.05h/Mpc
TABLE I. Value of 0 such that Nf is 3σ away from 0. We
show 6 models, constructed from (11) with c1 = 1, c2 = 0, and
different k∗ and m. We use three different values for dmin and
we fix dmax = 156 Mpc/h. The redshift range is 0 ≤ z ≤ 0.5.
k∗ = 0.1h/Mpc k∗ = 0.01h/Mpc
dmin m m
[Mpc/h] -1 -2 -4 -1 -2 -4
4 0.13 0.09 0.07 0.42 0.86 1.60
20 0.23 0.13 0.08 0.52 0.88 1.60
40 0.47 0.30 0.21 0.74 0.96 1.61
(for B0 given by the upper limit from Planck [32].)
We fix the cosmological parameters to their fiducial
value taken from [26], neglecting massive neutrinos and
we construct the Fisher matrix for 0
F0 =
∑
i,j,z
∂Nf (di, z)
∂0
[
cov(Nˆf )
]−1
(di, dj , z)
∂Nf (dj , z)
∂0
,
where the sum runs over the redshift bins and the pix-
els separations between dmin and dmax. The results
for a survey like the Bright Galaxy Sample (BCG) of
DESI [19] are summarized in Table I. We see that the
constraints are significantly better for the models with
k∗ = 0.1h/Mpc, since in this case the deviations in Nf
are important at smaller scales, where cosmic variance is
smaller. The constraints are degraded when we increase
dmin, but we see that even with a large dmin = 40 Mpc/h,
DESI is sensitive to deviations down to 20 percent. For
a smaller dmin = 20 Mpc/h, this decreases to 8 percent.
How small dmin can be depends on how non-linearities
affect the null test. No modelling of the Doppler mag-
nification currently exists in the non-linear regime. In
a future work we will explore non-linearities using rela-
tivistic numerical simulations [33]. The constraints are
also sensitive to the precision in the size measurements.
Increasing σκ from 0.3 to 0.8, we degrade the constraints
by a factor 1.5-2. On the other hand, increasing the num-
ber density and volume to the ones planed for SKA phase
2 [34], the constraints are improved by a factor 2.
We can compare our constraints with current con-
straints on the growth rate f in specific models. For
example, an f(R) model with |fR0| = 3.2×10−5 leads to
a scale-dependence of 20 percent in f in the range k ∈
[10−3 − 10−1] Mpc−1, whereas current RSD constraints
give |fR0| < 10−4 [35]. Planck constraints on a generic
scale-dependent µ(z, k) are of order 1 [32]. In compari-
son, our third model in Table I (dmin = 20 Mpc/h), gen-
erates a scale-dependence of 10 percent in f .
Contaminations. We now explore the limitations of
the null test, i.e. the situations where Nf 6= 0 even if D1
and f are scale-independent. The first case is related to
conditions 2 and 3 on p. 3, namely the fact that we use
a fiducial cosmology in Nf . We assess the importance of
this choice by calculating Nf with coefficients computed
in the fiducial cosmology, and observables 2σ away from
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FIG. 3. Top panel : Value of Nf obtained by varying the fidu-
cial cosmology by 2σ: Ωm (yellow solid), Ωb (purple dotted),
ns (black dashed) and h (green dot-dashed). The blue red
solid lines correspond to two of the models of Fig. 2, but with
0 = 0.52 and 0 = 0.08 respectively, which correspond to a
3σ detection with DESI. Bottom panel : The green dashed line
shows Nf with a scale-dependent bias. The black dot line and
purple dot-dashed line show Nf for a cosmology with massive
neutrinos with mass mν = 0.12 eV (black) and mν = 0.6 eV
(purple). The blue and red solid lines are the same as in the
top panel. All plots are at z = 0.15.
fiducial (σ from Table 2 of [26]). In Fig. 3 (top panel), we
compare Nf obtained in this way, with Nf corresponding
to a 3σ detection for two of the models in Table I. We
see that varying the cosmology generates a Nf which is
significantly smaller than the deviations leading to a 3σ
detection. Hence the null test is robust to variations in
the fiducial cosmology. Let us furthermore mention that
we can always remove the dependence in the cosmology
by fitting the null test to 0. Any remaining Nf will then
be purely due to a scale-dependent growth rate.
The second limitation comes from a possible scale-
dependent bias, that would induce a non-zero Nf . In
Fig. 3 (bottom panel), we show Nf obtained for a
particular choice of the bias used in [36]: b(z, k) =
b0(z)
√
1 +Q(z) (k/k1)
2
/
√
1 +A(z)k/k1 , with A(z) =
1.7, Q(z) fitted from [36], k1 = 1h/Mpc and b0(z) from
DESI. We see that below 10 Mpc/h the scale-dependent
bias induces a Nf which is of the same order as the
two scale-dependent models. A detection at those scales
could therefore be due to the bias. At larger scales how-
ever, the scale-dependent bias has a negligible impact,
meaning that the null test is robust above 10 Mpc/h.
Massive neutrinos also lead to a scale-dependent
growth of structure [37]. In Fig. 3 (bottom panel), we
show Nf induced by a cosmology with two massless neu-
trinos and one massive neutrinos, for two choices of mass.
We use CAMB to compute the density and velocity trans-
fer functions with massive neutrinos [38, 39]. We see that
neutrinos become relevant only for a large mass of 0.6 eV.
Another source of contamination are wide-angle effects
and lensing. In the lowest redshift bin of DESI, z ≤ 0.05,
wide-angle effects become relevant around 60 Mpc/h. At
higher redshift, they are negligible. Lensing affects both
the galaxy number counts ∆ and the convergence κ. We
find that for the BCG sample of DESI with z ≤ 0.5
lensing is always subdominant. At higher redshift this
contribution would however contaminate the null test.
Finally, let us repeat that we use linear perturba-
tion theory. Non-linear effects are expected to spoil the
null test at small separations. By using dmin = 20 or
40 Mpc/h we are mitigating these effects, but a careful
study will be done using simulations in the future.
Conclusion: In this letter we have constructed a null
test to probe the scale-dependence of the growth of struc-
ture. The strength of this test is that it does not rely on
any modelling of deviations from GR. It allows us con-
sequently to test at once all models that exhibit a scale-
dependent growth of structure. An ideal null test should
not depend on any assumption about cosmology. Here
we have shown that this is not possible, since we need
a fiducial cosmology to calculate the coefficients of the
null test. However, we have demonstrated that the as-
sumptions that we use are very general and have little
impact on the validity of the null test. In short, the null
test is valid as long as the background evolution of the
Universe at late times is consistent with ΛCDM, and that
the cosmological parameters Ωb, Ωm, ns and h are consis-
tent with Planck constraints. Under these assumptions,
the null test vanishes for any form of the growth rate
f which is scale-independent. The price to pay for this
generality is that the null test is limited by the covari-
ance of all observables, which in total is larger than the
covariance of individual observables. Hence, for a specific
model, the null test will perform worse than individual
observables. This test should therefore be used as a first
discriminating method between scale-dependent and in-
dependent models. We have seen that the null test will
be sensitive to deviations of the order of 10-20 percent
for DESI, and of 5-10 percent for SKA2, making it a very
valuable and powerful tool for upcoming surveys.
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